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Abstract 

We consider a family H :— {Xi, . . . ,X m } of C 1 vector fields in R™ and we dis- 
cuss the associated "H-orbits. Namely, we assume that our vector fields belong to a 
horizontal regularity class and we require that a suitable s-involutivity assumption 
holds. Then we show that any "H-orbit O is a C 1 immersed submanifolds and it is an 
integral submanifold of the distribution generated by the family of all commutators up 
to length s. Our main tool is a class of almost exponential maps of which we discuss 
carefully some precise first order expansions. 
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1. Introduction and main results 

In this paper we discuss the integrability of distributions defined by families of vector 
fields under a higher order horizontal regularity hypothesis and assuming an involutivity 
condition of order s € N. The central tool we exploit is given by a class of almost exponential 
maps which we will analyze in details assuming only low regularity on the coefficients of 
the vector fields. 

To start the discussion, fix a family % = {X\, . . . , X m } of at least Lipschitz-continuous 
vector fields. For any x £ M. n define the Sussmann's orbit, or leaf 

O x H := {e hX n . . . e^'x :pEN,J := . . . ,j p ) G {1, . . • , m} p , t G (1.1) 

where for fixed x £ M n we denote by £lj. x C W the open neighborhood of the origin where 
the map t i— > e tlX 'i ■ ■ ■ e tpX: >px is well defined. We equip the leaf Of^ with the topology 
defined by the Franchi-Lanconelli distance d; see (|2,ip . 



*2010 Mathematics Subject Classification. Primary 53C17; Secondary 53C12. Key words and Phrases: 
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Our purpose is to describe a regularity class of order s > 2 and a s-involutivity assump- 
tion that ensure that each orbit Oy_ is a integral manifold of the distribution generated 
by the family V := V s := {Yj., . . . ,Y g } of all nested commutators of length at most s 
constructed from the original family %. To give coordinates on O we shall use the follow- 
ing almost exponential maps. Fix s > 2 and denote by V the aforementioned family of 
commutators. Assign to each Yj the length ij < s, just its order. Then, let 

Ei, x {h) := exp ap (/iiF il ) • • • exp ap (h p Y ip )x, (1.2) 

where I = (ii, . . . ,i p ) is a multiindex which fixes p commutators Yd . . . , Yi p G V, h G M p 
belongs to a neighborhood of the origin and p G {1, ...,n} is suitable. See (|2,15p for 
the definition of the approximate exponential exp . We shall use the maps in (j 1 . 2 1) to 
construct charts, developing a higher order, nonsmooth, quantitative extension of some 
ideas appearing in a paper by Lobry; see |Lob70| : see Theorem 13.51 and Remarks 13.61 
and 13.71 below. 

Here is a description of our regularity class. Let H = {X\, . . . ,X m } and let s > 2. 
Assume that Xj =: fj • V G for all j (here and hereafter Cg uc refers to Euclidean 

regularity). Assume also that for each p < s and ji, . . . ,j p € {1, . . . , m}, all derivatives 
A^ • • • X? x fj p exist and are locally Lipschitz-continuous functions with respect to dis- 
tance d associated to the vector fields. Here, following [MM12aJ, we denote by X^f the 
Lie derivative along the vector field X of the scalar function /. Moreover we require that 
for any commutator Yj =: gj ■ V G V, all maps of the form gj o Ej jX are continuous for all 
p G {1,. . . ,n}, I = (i u .. .,i p ) and x G R n . 

Furthermore, we require the following s-involutivity condition. For any Xa G H and 
for any Yf. G V with maximal length Ij, = s, at any if!! where the derivative X^-g^(x) 
exists one can write for suitable b % = b l {x) 

q 

(ad Xj . Y k ) x : = {x]g k {x) - Y k f 3 {x)) ■ V = ^ b %* with # locall y bounded. (1.3) 

i=l 

The class of vector fields satisfying all those assumptions will be denoted by A s ; see Def- 
inition I2.5| where a more precise formulation of this assumption is described. Note that 
in the smooth case we have adx, Y k = [Xj,Y k ] and ultimately (| 1 . 3[) is equivalent to the 
Hermann condition jHer62) 

[Y,Y J ]= Y, withc^.GL^, (1.4) 

which ensures that any Sussmann's orbit Op of the family of commutators V is a integral 
manifold of the distribution generated by V . If furthermore s = 1, then V = H and (|1 .4[) 
and (|1.3p are the same. Note that the appearance of operators of the form adx^ Y k is 
very natural in the framework of our almost exponential maps; see the non-commutative 
calculus formulas discussed in |MM12a| Section 3]. 
Here is the statement of our result. 

1 This condition is widely ensured for instance as soon as we assume that gj is continuous in the Euclidean 
topology, or at least in the Sussmann's orbit topology defined on O by the family T-L; see |Sus73| . 
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Theorem 1.1. Let % = {X±, . . . , X m } be a family of vector fields of class A s . Then, for 
any xq € W 1 , the orbit O := with the topology t& is a C 1 immersed submanifold ofW 1 
with tangent space T y O = P y for all y € O. 

Note that this result does not follow from standard ones, because the commutators Yj 
are not assumed to be C 1 in the Euclidean sense. In Example 13.141 we exhibit a family of 
vector fields where our theorem apply, but classical results do not. See also Remark 13.151 
for some further comments. Furthermore, let us mention that if s = 1, i.e. % = V, then 
Theorem 11.11 is a consequence of the Frobenius Theorem for singular C 1 distributions (it 
is well known to experts that in such case one can prove that orbits are even C 2 smooth). 
Note that if s = 1, in |MMlla] we proved a singular Frobenius-type theorem assuming 
only Lipschitz-continuity of the involved vector fields, generalizing part of Rampazzo's 
results |Ram07| to singular distributions; in fact, in [MMllaJ, orbits are C ' . 

On a technical level, the main tool we discuss is the approximate exponential Ej tX 
in (|1.2p . Introduce the notation p x := dimP x := dimspan{Yi(a;), . . . , Y q (x)} for all x £ M. n . 
Fix x, take p := p x commutators Y{ ± , . . . ,Yi p , which are linearly independent at x and 
construct the map E, defined in (|1.2|) . Then, under the hypotheses of Theorem we 
shall show that if the family T~L satisfies condition A s , then E is a Cg uc , full rank map 
in a neighborhood of the origin 6 M p , whose derivative enjoys the following remarkable 
expansion 

s q 

E*(d hk ) = Y lk (E{h))+ Y, + (1.5) 

e j= e lk +i %=\ 

The functions al and ufl have a very precise rate of convergence to 0, as h — > which will 
be specified in (I3.22p and (|3,23p . Note that an expansion of E*{dh k ) can be obtained either 
with the Campbell-Hausdorff formula in the smooth case (see |Mor00| or [VSCC92j), or 
in nonsmooth situations with the techniques of [MM12bJ. However, the expansions in the 
mentioned papers contain some remainders appearing either as formal series, or in integral 
form. Here we are able to express such reminders via the pointwise terms uri, improving 
all previous results. Note also that we are improving the mentioned papers both from a 
regularity standpoint and because here we do not assume the Hormander condition. At the 
authors' knowledge, expansion (|1.5p with precise estimates on a J k and oj l k is new even in the 
smooth case. As a final remark, observe that Theorem 13.111 contains an explicit detailed 
proof of the fact that the map E is C 1 smooth, avoiding any use of the Campbell-Hausdorff 
formula. Note that, even if the vector fields are smooth, such maps are not much more 
than C ; see Remark 13. 121 (h). 

The useful information one can extract from (|1.5p is that E*(dh h ) G Pe(k) ( n °t e that we 
are interested to situations where the inclusion Pe(K) C K n is strict); see Theorem 13.111 for 
a precise statement. Observe that, if O C W is a small open set containing the origin, then 
E(0) is a C 1 submanifold of R n and JTSJ shows that T E{h) E{0) C P E{h) for all h. This 
is the starting point to prove that is a integral manifold of the distribution generated 
by V . Another fact we need to prove is that the dimension of P y := sp&n{Yj(y) : 1 < j < q} 
is constant if y belongs to a fixed orbit Of^. This is obtained by means of a nonsmooth 
quantitative curvilinear version of the original Hermann's argument inspired to the work 
of Nagel, Stein and Wainger [NSW85] and Street jStrllj . 
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To conclude this introduction, we give some references and motivations to study our 
almost exponential maps E. Such maps appear in [NSW85] . and were used by the authors 
to show equivalence between different control distances; see also [VSCC92J. More recently 
they have revealed to be a useful tool to study Poincare inequalities (see [LMOOj ) , subelliptic 
Sobolev spaces (see |Dan91|[Mor00llCRTN01|IMM12b| ). and geometric theory of Carnot- 
Caratheodory spaces (see [MM02, FF03, Vitl2| ). Finally, note that the precise expansion 
(|1.5p will be a fundamental tool in the companion paper [MMllbj . where we shall prove 
a Poincare inequality on orbits for a family of vector fields satisfying an integrability 
condition. 

2. Preliminaries 

Vector fields and the control distance. Consider a family of vector fields % = 
{X±, . . . , X m } and assume that Xj E (R n ) for all j. Here and later C Euc means 
C 1 in the Euclidean sense. Write Xj =: fj ■ V, where fj : R n — > R n . The vector field Xj, 
evaluated at a point x E R n , will be denoted by Xj x or Xj(x). All the vector fields in this 
paper are always defined on the whole space R n . 
Define the Franchi-Lanconelli distance [FL83J 



Here and hereafter we let rH := {rX\, . . . , rX m } and ±r7~L := {±rX\, . . . , ±rX m }. The 
topology associated with d will be denoted with Td- We denote instead by d cc the standard 
Carnot-Caratheodory or control distance (see Feffermann-Phong [FP83] and Nagel-Stein- 
Wainger [NSW85J). In the present paper we shall make a prevalent use of the distance d. 
It is well known that is (possibly strictly) stronger than the topology te U c|o received by 
O from R n . See [BCH081 Chapter 3] and [A"S04l Example 5.5]. 

In view of the mentioned examples, we need to use the broad definition of submanifold; 
see [Che46, KN96J. Below, if £ C M. n , we denote by te U c|s the induced topology. 

Definition 2.1 (Immersed submanifold). Let S C R n and let r D te U c|s be a topology on 
E. We say that E is a C k submanifold if E is connected and for all x E E there is £1 E r, 
open neighborhood of x such that $7 is a C k graph. If moreover r = te U c|e then we say 
that E is an embedded submanifold. 

Horizontal regularity classes. Here we define our notion of horizontal regularity in 
terms of the distance d. Note that we do not use the control distance d cc . 

Definition 2.2. Let % := {X\, , . . . ,X m } be a family of vector fields, Xj E C Euc . Let 
d be their distance (|2.1|) Let g : R n — > R. We say that g is (^-continuous, and we write 
g E C^(R"), if for all x E R™, we have g(y) — > g(x), as d(y,x) ->■ 0. We say that 
g : R" -4 R is "H-Lipschitz or d-Lipschitz in A C R" if 




(2.1) 



Lip H (g;A) : 



X 



,yeA, x^y 




< oo. 
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We say that g E C^(M n ) if the derivative X*-g{x) := \im.t^o{f {<z tXj x) — f(x))/t is a d- 
continuous function for any j = 1, ... ,m. We say that g E C^(]R ra ) if all the derivatives 
■ ■ ■ X^-g are d-continuous for p < k and ji, ■ ■ ■ ,j p E {1, . . . , m}. If all the derivatives 
X^ ■ ■ ■ Xj k g are d-Lipschitz on each bounded set in the Euclidean metric, then we say 

that g G C^ oc (M n ). Finally, denote the usual Euclidean Lipschitz constant of g on A C W 1 
byUp Euc (g;A). 

We will usually deal with vector fields which are of class at least C^ uc H lo ' c , where 
s > 1 is a suitable integer. In this case it turns out that commutators up to the order s can 
be defined; see Definition 12.31 In the companion paper [MM12aJ we study several issues 
related with this definition. 

Definitions of commutator. Our purpose now is to show that, given a family % of 
vector fields with Xj E C%~i ' c H Cguc then commutators can be defined up to length s. 

For any £ 6 N, denote by We '■= {w\ ■ ■ ■ we ■ Wj E {1, . . . ,m}} the words of length 
\w\ := I in the alphabet 1,2, ... ,m. Let also &e be the group of permutations of I letters. 
Then for all £ >1, there are functions ire '■ &e —> {— 1,0, 1} such that 

[A Wl , [A W2 , . . . [Ay^^ , j4ioJ] . . . ] = TTe(cr)A IT1 ^ w ^A cr2 ^ w y ■ ■ A^^^, (2-2) 

o-e& e 

for all A\, . . . , A m : V — > V linear operators on a vector space V . See [MM 12a) for a more 
formal definition and an in-depth discussion. 

We are now ready to define commutators for vector fields in our regularity classes. 

Definition 2.3 (Definitions of commutator). Given a family 7i = {X\, . . . , X m } of vector 
fields of class D C^ uc , define for any function ip E the operator Xjip(x) : = 

C-X^ix), the Lie derivative. Let also Xjtp(x) := fj(x) ■ Vip(x) where ip E Ceuc- Moreover, 
let 

fw ■= ^2 n i( a ){ X n{w) ' ' ' X Ue _ l{w) f ae{w) ) for all w with \w\ < s, 

o-ee e 

X w ip := [X W1 [Xyj^ , X Wi ]]ip := f w ■ Vip for all ip E C Enc \w\ < s, 
Xli> := £ M*)xi i{w) ■ ■ ■ Xl_ i(w) xl e(w ^ for all E C l u \w\ < s - 1. 

Finally, for any j E {1, . . . , m} and w with 1 < \w\ < s, let 

ad x , X w iP := (X]f w - f w • V/,-) • ViP = (x]f w - X w f 3 ) ■ ViP for all $ E C^ uc . (2.3) 
Non-nested commutators are precisely defined in [MM12aj. 

Remark 2.4. • Let Z E ±%. If \w\ < s — 1, then there are no problems in defining 
adz X w . More precisely, in ^MM12a] we show that adz X w = [Z,X W ]. If instead 
\w\ = s, then the function t h- > f w {e tZ x) is Euclidean Lipschitz. In particular it is 
differentiate for a.e. t. In other words, for any fixed x E W 1 , the limit 4ffw( etZ x) =: 
Z$ f w (e tz x) exists for a.e. t close to 0. Therefore the pointwise derivative Z^f w (y) 
exists for almost all y E M n and ultimately adz X w is dehned almost everywhere. 
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• Both our definitions of commutator, X w and X w are well posed from an algebraic 
point of view, i.e. they satisfy antisymmetry and the Jacobi identity; see ' L MM12a]. 

• In \MM12ay we will also recognize that the first order operator X w agrees with Xw 
against functions ip G C-^ - ^ 1 H Cg uc as soon as \w\ < s — 1. 

The integrability class A s . 

Definition 2.5 (Vector fields of class A s ). Let H = {Xi,...,X m } be a family in the 
regularity class Cg uc fl j*' c . We say that the family H belongs to the class A s if, fixed 
an open bounded set fl C R n , there is Cq > 1 such that the following holds: for any 
Z € ±.T~L, for any word w with \w\ = s, for each x G Q, and for a.e. t £ [— Cq , Cq ], there 
are coefficients b v £ M such that 

ad z X w (e tz x)= ^ b u X u (e tz x) with (2.4) 
i<H<s 

\b u \<C for all u with l<\u\<s; (2.5) 

finally assume that if 1 < \w\ < s, for all p € {1, . . . , n}, for any I € I(p, q), x 6 M n , we 
have at any h* where Ej tX is dehned 

fw{Ei, x {h)) — > fw(E IjX (h*)) ash^h*. (2.6) 

Remark 2.6. • Assumption (|2.6p will be used only once, in (|3.25p . but it is essential 
in order to ensure that the almost exponential maps we dehne later are actually 
Cg uc smooth. It is easy to check that assumption (|2.6p is satished as soon as f w : 
{0-\i,Ty) — > M is continuous, where t% denotes the Sussmann's orbit topology defined 
by the family H, see fSus73^ . Note that at this stage assumption (|2,6p is not ensured 
by the d-Lipschitz continuity of f w . 

• Conditions (|2.4p and (|2.5p scaie nicely. Namely, letting for all r < 1, Z = rZ, 
X w = r' w \X w with \w\ = s, we have 

adj? X w {x) = b u X u {x) where \b u \ < Cqt < Cq for all u. ^ j\ 

l<|w|<s 

• Let H be a family of vector helds in the class Cg uc fl lo ' c satisfying the Hormander 
bracket-generating condition of step s and assume that each f w with \w\ < s is 
continuous in the Euclidean sense. Then T~L satishes A s . The constant Co in ()2.5[) 
depends also on a positive lower bound on 'mi^i\A n (x, 1)|, see (|2. 13j) . This case is 
discussed in ' L MM12a, Section 4]. 

• The pathological vector fields X\ = d Xl and X<i = e" 1 ^ 1 d X2 , in spite of their C°° 
smoothness, do not satisfy (|2.5p for any s € N. 

Let Qq C M n be a fixed open set, bounded in the Euclidean metric. Given a family % 
of vector fields of class Cg uc fl C^ lo ' c , introduce the constant 

m 

l := Yl {™p(\fh\ + \vf jl \+J2K--- x LJi P 



Jl, 



P <s (2. 



+ u Pn (xl i ---xl_ i f js -n )}. 
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We shall always choose points x G Vt (s and we fix a constant to > small enough to 
ensure that 

e nZl • • • e™ ZN x G n if x G 0, Zj G H, \tj\ < t Q and N < N , (2.9) 

where No is a suitable constant which depends on the data n, m and s. 

Proposition 2.7 (measurability) . Let ri be a family of class A s . Let \w\ = s and let 
Z G ±7i, Then for any x G we can write 

&d z X w (e tz x)= b v (t)X v (e tz x) for a.e. t G (-t ,t ), (2.10) 

i<M<s 

where the functions t i— > b v (t) are measurable and for a.e. t we have \b v (t)\ < Cq, where 
Cq denotes the constant in (|2.5p . 

Proof. The statement can be proved arguing as in |MM12al Proposition 4.1]. □ 

Wedge products and 77-maximality conditions. Following [Strll] , denote by V : = 
{Y\, . . . ,Y q } = {X w : 1 < \w\ < s} the family of commutators of length at most s. 
Let £j < s be the length of Yj and write Yj =: gj ■ V. Define for any p, fj, G N, with 
1 < p < A*, /i) := {J = (ii, . . . , i p ) : 1 < i\ < ii < ■ ■ ■ < i p < fi}. For each x G M. n 
define p x := dim span{Yj iX : 1 < j < q}. Obviousely, p x < mm{n,q}. Then for any 
p G {1, . . . , min{n, q}}, let 

Y, x := Y iux A • • • A Y lp>x G A P ^M n ~ A P ^ n for all / G X(p, 9 ), 

and, for all K G X(p, n) and / G 2~(p, q) 

Yj K (x) :=dx K (Y n ,...,Y lp )(x) := det( 5 Jf W=i,..., p . (2-11) 

Here we let dx^ 4 " := <ix fcl A • • • A (ix fcp for any K = (k\, . . . , k p ) G X(p, n). 

The family ex '■= A ■ ■ ■ A efc p , where IT G X(p,n), gives an othonormal basis of 
/\ p lR n , i.e. (eK,eii) = for all K,H. Then we have the orthogonal decomposition 

Yj(x) = J2k Y j{ x ) e K £ Ap^ n i so that the number 

|y/(x)|:=( £ yf(x) 2 ) 1/2 = |y il (x)A---Ay v (x)| 

if€X(p,n) 

gives the p-dimensional volume of the parallelepiped generated by Y^x), . . . , Yj (x). 

Let I = (i 1, . . . , ip) G 2T(p, q) such that \Yj\ 7^ 0. Consider the linear system ^f=i £, k Yi k - 
W, for some W G spanjY^, . . . , Yi p }. The Cramer's rule gives the unique solution 

where we let J^Yj := i k {W)Yj := A W A Y (ifc+1 ,..., ip) . 

Let r > 0. Given J G Z(p,q), let £(J) := tj x + ■ ■ ■ + £j . Introduce the vector- valued 
function 

A p (x,r) := (y/-(x)r^ J ) J&X (:p,q),K&x(p,n) =: Jei(p,q),K£i( P ,n)> (2.13) 

where we adopt the tilde notation Yj. = r^ fc Yfc and its obvious generalization for wedge 
products. Note that |A p (x,r)[ 2 = £/ex(p >g ) r 2 ^ 7 )|Y/(x)| 2 . 



^ fc= for each fc = l,... !P , (2.12) 
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Definition 2.8 (77-maximality) . Let x G W 1 , let I G l(p x ,q) and rj G (0, 1). We say that 

(I,x,r) is rj-maximal if \Yj(x)\r^^ > 7] max \Yj(x)\r^ J \ 

Jel(p x ,q) 

Note that, if (/, x, r) is a candidate to be r/-maximal with / G I(p, q), then by definition 
it must be p = p x = dimspan{Yj(x) : 1 < j < g}. 

Approximate exponentials of commutators. Let wi,...,W£ G {l,...,m}. Given 
r > 0, we define, as in |NSW85llMo700] and |MM12bj . 

C T (X Wl ) := exp(rX Wl ), 
C T (X Wl ,X W2 ) := exp(-rX W2 ) ex.p(-rX Wl ) exp(rX W2 ) exp(rX Wl ), 



C T {X Wl , • • • , X Wl ) :— C T (X W2 , . . . , -X^) 1 exp(— r X Wl )C T (X W2 , . . . , X^) exp(r X Wl ). 

(2.14) 

Then let 



C*V^ {Xwi> ■ ■ ■ j X Wi ), if i > 0, 

C\t\i/e(X Wl , ■ ■ ■ , X We ) , if t < 0. 



By standard ODE theory, there is to depending on £, Q, f^o, sup|/j| and sup|V/j| such 
that exp jf (tX WlW2 ^ Me )x G Slo for any x G f2 and \t\ < to- Define, given / = (ii, . . . ,i p ) G 
{1, . . . , q} p , x G Q and h G M p , with |/i| < C" 1 



^/^(/i) := exp ap (/iir il ) • • • exp ap (/i p y ip )(x) 



/i 



I := max \hj\ 1/k i and Q/(r) := {h G M p : \\h\\ r < r}. 
i=i p 



(2.16) 



Gronwall's inequality. We shall refer several times to the following standard fact: for 
all a > 0. b > 0. T > and / continuous on [0, T], 

0<f{t)<at + b[ f(r)dr VtG[0,T] f{t) < ^{e bt - 1) ViG[0,T]. (2.17) 

Jo 



3. Approximate exponentials and regularity of A s orbits 

Let T-L = {X\, . . . ,X m } be a family of A s vector fields in R n . The main purpose of this 
section is to prove that any %-orbit with the topology generated by the distance d 
is a C 1 integral manifold of the distribution generated by V. Recall our usual notation 
V := {Yj : 1 < j < q}, P x := sp&n{Yj^ x : 1 < j < q} and p x := dimP^. 



3.1. Geometric properties of orbits 

In this subsection we look at the properties of orbits 0% for vector fields of class A s . 
First we study how the geometric determinants Yj change along a given orbit Oy_. The 
argument we use is known, see for instance [TW03, MM12bJ and especially [StrllJ. How- 
ever, we need to address some issues which appear due to our low regularity assumptions. 
Ultimately, we will show that the positive integer p x is constant as x G 0%. 
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Below we shall use the following notation: given r > 0, we let Yj = r^Yj =: gj ■ V 
and Z = rZ, if Z G ±H. Let also Yj^ := r^^Yj^ , where the notation for Yj^ has been 
introduced in (|2.11|) . 

Lemma 3.1. Let H be a family of vector fields of class A s - Let p G {1, . . . ,q A re}. Let 
x G Q and ro > so that Bd(x,ra) C Qq. Let J G l(p,q), K G l(p,n), r G (0, Tq] and 
Z € ±r%. Then the function [-1,1] 1"/ {e tz x) is Lipschitz continuous and there is 

C > 1 depending on Cq and Lq in (|2.5p anc? f)2 .8 j) such that 



<C\A p (e tZ x,r)\ for a.e. t G (-1, 1). 
Proof. Denote jt := e tz x and let t,T G (— 1, 1). Then 

l?/(7r) - = I E dxK (- ■ -A+iM^CTr) - Y ja ^ t ),Y ja+1 ( 7t ), . . . 

1<Q<P 

< C\r-t\, 

where C depends on Lq in (|2,8p . Then i i— > Yji^ft) belongs to Lip Euc (— 1, 1). The estimate 
for the Lipschitz constant here is quite rough and it can be refined through a computation 
of the derivative. Indeed, we claim that for a.e. t G (—1, 1) we have 

|?f(7i)= E dx K (...,Y Ja _ 1 AZ,Y 1 J,Y Ja+1 ,...,Y lp )( lt ) 

l<a<p 
tj a <S-l 

+ E E ^t)dx K (...,Y ja _ 1 ,Yp,Y ja+1 ,...,Y jp )(y t ) 

l<a<pl</3<q (3-1) 

+ E E 9 7 ^^ (fei '---^- i ' 7 ^ +i '---' fep) fe,---,?i P )(7 t ) 

l<7<n l</3<p 
=: (A) + (5) + (C), 

where we wrote Z = f ■ V G Cg uc and 6q are measurable functions with < Co- To 
prove (|3.ip . observe that, if £(Yj a ) < s — 1, then i i-> 5j a (7t) is Cg uc ( — 1, 1) and 

u YM-Y M = ~ s } _ v = ~ ~ + ~ ~ v for ^ t g ^ 

r— « T — t 

Note that here we used [MM12a, Theorem 3.1] to claim that ad^Yj a = [Z,Yj a ]. If instead 
£(Yj a ) = s, then for almost any t we have 



= zi ~ M . v = ad „y. a(7t) + Yj J( lt ) . V 



^(7r)-^ Q (7t) 

T^tt T — t 

q (3.2) 

= E^w^) +F ^/^)- v - 

0=1 
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In the first equality we used the definition of ad. Here Yj a f := Qj a ■ V/, is well defined. In 
the second line we used Proposition 12.71 The term Yj a f, in view of Lemma I A. II gives the 
third line of (|3~T1) . 

Next we estimate each line of (|3,ip . starting with (A). 

| (A) | < |da^(...,? io _ 1 (7t)J^^J(7t),^a + i('n)»---)| <C\A p (j t ,r)\, 

for all t G [—1, 1]. Estimate is correct even if A p ( 7 £,r) = 0. To estimate (£?), recall that 
|6a| < C. Then, for all t G [-1, 1], 

1(^)1 < E E \dx K (...,Y Ja _ 1 ,Y^,Y ]a+1 ,...)\<C\A p ( lt ,r)\. 

l<a<pl</3<q 

Finally the estimate of (C) is easy and takes the form 

|(C)|< sup |V/| max |?f ( 7t )| < C|A p ( 7tj r)| if \t\ < 1. □ 

B d (x,r) K£X(p,n) 

The previous lemma immediately implies the following proposition. 

Proposition 3.2. Let % be a family in the regularity class A s . Let x G fi, let r < ro, 
where ro is small enough so that B^x^q) C ^o- Let 7(f) := 7^ 6e a piecewise integral 
curve of ±r~H with 7(0) = x. Lei p G {1, . . . , q A n}. T/ien toe have 

\A p ( 7 (t),r)-A p (x,r)\<\A p (x,r)\(e ct -l) for all t G [0,1]. (3.3) 

In particular, if p = p x and (I,x,r) is r) -maximal, then 

~ ~ Ct ~ 

\YjMt))-Yj(x)\ <— \Y!(x)\ for all J e l(p, q) te[0,l}- (3.4) 
V 

Finally, if x,y belong to the same orbit, then p x = p y . 

Remark 3.3. As a consequence of the proposition and of the Cramer's rule (|2.12p . if 
(I, x, r) is n-maximal, then (I, y, r) is C~ 1 rj-maximal for all y G Bd(x, C^rjr) and we may 
write for all such y and for any j G {1, . . . , q} 

p b k ~ 
k=l 1 

where \bj\ < C. 

Remark 3.4. Proposition 13.21 shows that the oscillation of determinants A p on a ball is 
controlled in terms of the value of A p at the center of the ball. It is not true that the 
oscillation of a single vector held on a ball can be controlled by its value at the center of 
the ball. For instance, we can take the vector fields X = d x and Y = yd y + xd x . Look 
at the ball B((0,y),r), where < y <C r. Note that (r,y) belongs to such ball, but the 
oscillation \Y(0,y) — Y(r,y)\ ~ r can not be controlled with the value \Y(0,y)\ = \y\. 
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Proof of Proposition^^ (See |TW03IMM12blStrllj ). Let p G {1, . . . , qAn}. By LemmaEZQ 
the map t i— > A p ( 7 t,r) is Lipschitz. Moreover, we have for a.e. i G [0, 1], 



d 



d 



-A p ( 7t ,r) = (_y/( 7i )j JeI(M) <C|A p ( 7t ,r)|, 



dt 



Kel(p,n) 



by Lemma 13,11 Then the Gronwall's inequality (|2,17p provides immediately the required 
estimate (|3.3p . Note that this implies that if A p (x,r) = 0, then A p ( 7 j,r) = for all 
t G [0,1]. Estimate (|3.4p follows immediately. 

Let now x and y be a couple of points on the same leaf 0%. Let 1 < p < q A n and let 
I C R be an interval. Let / = [a, b] and take 7 : / — >■ R a piecewise integral curve of the 
vector fields Xj with 7 (a) = x and 7(6) = y. Let := {t G / : |A p ( 7 (t))| = 0}. Note that 
A p is closed, because it is the zero set of the continuous function / 3 t 1— > |A p ( 7 (t))| G R. 
The set A p is also open by estimate (|3.3p . Therefore, either A p = or A p = I and the 
proof is concluded. □ 

The fact we are going to establish in the following theorem will have a key role in 
Subsection I3.2[ when we shall study our almost exponential maps E. See Remark 13.61 
below. 

Theorem 3.5. Let rl be a family of vector fields of class A s . Let (I,x,r) be r]-maximal 
where x G r < r$, I G I(p x ,q) and rj G (0, 1). Denote Uj := r % 'Yi i for j = 1, . . . ,p := 
p x and Z := rZ G ±rH. Then there is C > depending on Lq and Cq in (|2.8j) and (|2,5H 
so that 

e* tZ (U je tz x ) G P x for all t with \t\ < C~ x rj. (3.6) 
Moreover, if we write, for a given test function ifi G C^^W 1 ), 

Uj^e-^Xe^x) =: £ (i* + 0*(t)) LT^(x), (3.7) 



fe=l 



9*(*)|<— for all j,k = l,...,p |t[<C _ V (3i 

J 7] 



Finally, for any commutator := gf/j • V, where h G {l,...,q}, «/e have at any t G 
(-C-^C- 1 ^) 



where < C »/|t| < C~ ^. 



-1, 



Remark 3.6. The geometric interpretation of (|3.6p teiis that e^ tz P t z = P x > Le. the 
tangent map of the C 1 diffeomorphism e~ tz maps the (candidate) tangent bundle U X P X to 
the orbit O to itself (we say "candidate" because we do not know yet that O is a manifold). 
Theorem 13.51 has an important consequence. Namely, in in Theorem \3.8\. it will enable us 
to show that integral remainders have in fact a pointwise form. Ultimately, we will apply 
such property in Theorem \3. 11\ to show that E^(dh k ) G Pe(H)- 
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Remark 3.7. The proof below is inspired to an argument due to Lobry; see \Lob70\ 
Lemma 1.2.1], Here we generalize such argument to a higher order, nonsmooth situation 
and we get more quantitative estimates. See also jLob76^j and the related discussion by 
Balan ' L Bal94]; see Bnally the paper \PellOy . for an up-to-date bibliography on the subject. 
Note that Lobry's idea is also used in \AS04\ Lemma 5.15]. 

Proof of Theorem \3.5l Without loss of generality, we can work with positive values of t. 
First, we differentiate the left-hand side of (|3.7p . If £^ < s — 1, then we use [MM12a| 
Theorem 2.6-(a) and Theorem 3. l-(ii)] which give 

^U 3 ^e-^){e^x) = [Z, ^tye-^X A) = £ ^U^e^ )(e tz x), (3.10) 

k=l ^ 

provided that < t < C~ x r\. Here < C. In last equality we used f|3.5[> with 

Y h = [Z,Uj}. 

If instead £j. = s, then we need first |MM12a| Theorem 2.6-(b)], then $ZM) and Propo- 
sition [22] in the present paper. This gives for a.e. t G [0, C _1 r/] 

±U J ^e-^)(e t ^x)= tfWMe-^Xe^x) by 

l<h<q 



£ E ^(t)b k h (t)-U k (^)(e^x) (3 n) 



l<h<ql<k<p ^ 

=■ £ ^U^e-^x) 

l<fc<p ' 

provided that < t < C~ x i]. In this formula bj, b\\ and bj denote measurable functions, 
bounded in term of the admissible constants Co and Lq. 

By elementary ODE theory, for any fixed ifi, the functions t i— > Uj(ifte~ )(e tz x) with 
j = l,...,p are uniquely determined by their value Ujip(x) at t = 0. Moreover, if we 
denote by (a^(t)) € M. pxp the solution of the Cauchy problem 

a(t) = ^-a(t) with a(0) = LeK w , (3.12) 
V 

then we can write 

P 

e~ tZ (U het ~ Zx ) = XJ 3 (^e- tz ){e tz x) = £ a){f)U k ^{x). (3.13) 

fc=l 

Then we have proved (|3.6p . The Cramer's rule (|2.12[) confirms that the coefficients af(i) 
are unique for each t. 

To estimate the functions 9j := aj(t) — dp where aj satisfy (j3. 12|) . it suffices to use 
estimate \tf(t)\ < C if < t < C _1 r/. The Gronwall inequality (12~TT1) gives \a^(t) - 5§\ < 
C\t\/n for all j, k = 1, ... ,p and < t < C~ l n. Therefore (j3.8j) follows. 

To obtain the proof of (I3.9P it suffices to repeat the computation in (|3.10p starting from 
Yh instead of Uj. This ends the proof. □ 
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Under the hypotheses of Theorem 13. 5[ iterating the argument, we get for all x G f2, 
A* < (see (J2SD), j G {1, . . . ,p} and Z u . . . , Z M G H, 

Uj^e-^ 1 ■ ■ • e -^)( e *^ M . . . gtiZi^ = (5* + 0*{t))U k ${x) (3.14) 

i<fe<p 

where \0(t)\ < C\t\/rj, as soon as X^j=il^jl — C~ 1 n. Moreover, for each h G {1, . . . ,q}, we 
get, if x G f2, for the same values of (t\, . . . , t„) and for almost all r G (— C" 1 ??, C -1 ^), 

Ay fc (^ e -*i^ . . . e -^ e -^)(e^e*^ . . . 

= ad^ Y^e"' 1 * 1 • • • e-^e-^Xe^e*"^ • • • Mx) = £ ^^ ^(x), 

fe=l ^ 

where |6fc(x,i,r)| < C for a.e. r. Here X G H. If we do not care about maximality and 
choose r = 1, we get, for any fixed (t\,..., t^) with ^Zjl^il — & an d f° r almost all r with 
\t\<C~ x , 

^-Y h ^e- hZ ' ■ ■ ■ e-^e'^^e 1 ^ ■ ■ ■ e^x) 

= ad x Y h {ipe~ tlZl ■ ■ ■ e -^^ e -^)( e ^ e ^^ . . . e *i^i x ) (3 15 ) 

= ^2 bj{x,t,T)Yji;(x), 
i<i<9 

where \bj(x, t, r)| < C for a.e. r. Here again x G O and V S Cg uc is a test function. 
Formula (|3.15p will be referred to later. 

3.2. Derivatives of almost exponential maps and regularity of orbits 

In this subsection we get several information on the derivatives of the approximate expo- 
nentials Ei <x<r associated with a family H of A s vector fields and we show that each orbit 
O with topology Td is a C 1 immersed submanifold of M 71 with T y O = P y for all y G O. We 
will tacitly but heavily rely on the results of |MM12a, Section 3], namely on formulae 

adx„ 1 ■ ■ ■ & dx Vk X w = X vw for all v, w such that \v\ + \w\ = k + \w\ < s (3.16) 

These formulae have a key role. In the proof of Theorem 13.81 below, we shall follow the 
arguments of |MM12b| Theorems 3.4 and 3.5], modifying everywhere the remainders O s +i 
in |MM12bJ with our remainders defined in |MM12aJ. This will give us a formula with 
integral remainder, see (|3.17p . Then, using the results of Subsection 13. 1| we shall show 
that such integral remainder can be specified in a pointwise form. 

Theorem 3.8. Let 1 < \w\ =: I < s, take x G 0, and t G [0, to], where to is small enough 
to ensure that Ctx G fio f or a ^ t £ [0, to]. Let Ct = Ct(X wl , . . . ,X We ) be the map defined 
in (|2.14p . Fix a test function ip G (W 1 ). Then we have 

j s s 

j t i>(C t x) = it^X^Ctx) + aJ v \- l X v ^{C t x) +t s Y J b u (x,t)X u ^(C t x), 

\v\=e+i \u\=i 
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and 

—il>(Ct l x) = - tt l - x X w i\)(Ct X x) + Y aJ v \- l X v il)(Ct X x) 

\v\=l+\ 

s 

+ t s J2 b u {x,t)X u ^{C^x). 

\u\=l 

Both the sums on v are empty if\w\ = s. Otherwise, we have the cancellations Yl\v\=e+i( a v + 
a>v)fv( x ) = for all x £ CI. The (real) coefficients b u and b u are bounded in terms of the 
constants Lq and Cq in ([2.80 and ([2.50 . 

Remark 3.9. As already observed, the theorem just stated improves ^MM12b, Theo- 
rem 3.5], both because we relax regularity assumptions and because we devise a pointwise 
form of the remainders. In particular, choosing as ip the identity function, we see that the 
remainder belongs to the subspace Pc t x = span{Yi c tx : j = 1, . . . , q} which can be a strict 
subspace ofW n . 

Proof of Theorem \3.8[ We prove the statement for t > 0. By |MM12b| Theorem 3.5], we 
know that 

1 s 

-ifj(C t x)=£t e - 1 X w 4>(C t x)+ aJ v \- l X v il,{C t x) + O s+l {t s ^,C t x), (3.17) 

\v\=l+l 

where the numbers a v are suitable algebraic coefficients. Note that formula ([3.170 in 
[MM 12b] is proved for smooth vectro fields. Using ([3.160 and changing everywhere the 
remainders in |MM12b] with the remainders introduced in |MM12a[ Subsection 2.1], one 
can check that all computations fit to our setting. Therefore, we only need to deal with the 
integral remainders introduced and discussed in |MM12a] , Concerning such remainders, 
recall that 

ft d 

O s+ i(t s , if), C t x) = (sum of terms like) / u(t, r)— X v (ipip~ 1 e~ TZ )(e TZ (pC t x)dT 

Jo dr 

where \v\ = s, ip = e tZl ■ ■ ■ e tz " and Z, Zj G ±7i. Next, by ([3.150 . we may write for a.e. r 
^-X v (iPp- 1 e~ TZ )(e TZ <pC t x)= Y, b u (x,t,r)X u iP(C t x), 

l<\u\<s 

where for any t,x the functions r i— >■ b u (x,t,r) are measurable and satisfy \b u (t,T,x)\ < C 
for a.e. r. Therefore we get 

Y f u(t,T)b u (x,t,T)dr X u ^(C t x) =: t s Y b u {x,t)X u ^{C t x), 
i<M<* i<|«|<s 

where \b u (x,t)\ < C for all X G Cl and \t\ < to. This ends the proof. □ 
Our purpose now is to study the maps 

E{h) := E ItX>r (h) := exp^i^) ■ ■ ■ exp ap (h p Y ip ) = e^ 1 ■ ■ ■ e h a f p x (3.18) 
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where 1 < p < q, I G Z(p,q), := Yi k and := li k . We always take x G ft and h 
sufficiently close to the origin so that E{h) G fto, see (|2.9[) . 

Some elementary properties of E are contained in the following lemma. Without loss 
of generality we choose r = 1 and I = (1, . . . ,p). 

Lemma 3.10. The map h \-t e^ Yl ■ ■ ■ eap Yp x =: Ej tX (h) satisfies for x,x* G ft and 
h,h* gSeucCC- 1 ) 

\Ei, x {h) - E I>x *{h*)\ < C(\\h - h% + \x- x*\). (3.19) 

Moreover, for any w with 1 < \w\ < s, the function Fx w - [— C _1 ,C _1 ] x ft — > R nxn 7 
defined as Fx w (t,x) := V x e*^™(x), is continuous. 

Proof. Observe first that, since each Z G ±% is C Euc , by the Gronwall inequality we have 

\e TZ y-e ToZ y \<C(\y-y \ + \T-T \) for all y,y €ft \t\, |t | < C~\ (3.20) 

Next, assume first that t > t* > 0. Write e*^ w rr = e rZl ■ ■ ■ e rZ "x, where Z\,...,Z V G 
±% are suitable, see (|2.15p . and r = t 1 '^, with £ := \w\. Then iterating (I3.20P we get 

\e^ w x - x*\ = \e rZl • • • e rZ »x - e T * Zl ■ ■ ■ e T * z »x*\ < C(\x-x*\ + {t-t*^ 1 ). 

If instead t > > t* , then we get 

I p^Xw t X w * I ^ \„tX w I _i_ I * t X w *i I I *i 

| c ap c ap I — l e ap -"I ~ r c ap I ' I 

+ \x — x *|) < Cdt-t*^ + \x — x* I) . 

This shows (|3.19p for p = 1. Iterating one gets the general case. 

Next we prove existence and continuity of the derivative F Xw ■ Assume first that t > 
and decompose e^ w x = e* 1 * Zl ■ ■ ■ e* 1 Zv x, where £ = \w\ and Z\,.,.,Z V G ±Ti are 
suitable. Euclidean regularity of the vector fields Zj implies that the functions (r, y) \— > 
Ezj( T ,y) '■= ^y^ rZi y are continuous if y G ft and [r| is small. Therefore, the chain rule 
gives 

F Xw {t,x) = V x ei^{x) 

= F Zl (t^, ■ ■ ■ e^x)F Z2 (t^, ■ ■ ■ (x)) ■ ■ ■ F Zv x). 

Thus Fx w |jq (7-ii x q i s continuous. Note that Fx w (0,x) = I n for all x. An analogous 
argument shows that F Xw |r q^ x q 1S continuous and concludes the proof. □ 

At this point we may deduce the following result. See fj3. 18|) for notation on the map E. 

Theorem 3.11. Let fi be an A s family. Let x G ft and let r G (0, tq). Fix p G {1, ••-,?} 
and L G I(p,q). Then the function Ej !X>r is C 1 smooth on -Beuc(C ~ 1 )- Moreover, for all 

m 



h G -Beuc(C 1 ) and for any k G {1, . . . ,p} we have E*(dh k ) G PE(h) an d we can write 



E*(d hk ) = U k;E(h) + Y, 4(h)Y jMh) + Y,ui(x,h)Y iMh) , (3.21) 
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where, for some C > 1 depending on Lq and Cq in (|2.8p and (|2.5p . we have 

\a[{h)\ < C\\h\\ l f dk for all h G Bkuc(C -1 ) (3.22) 
Mz,ft)| < C||/i||* +1_dfc /or all h G S Euc (C _1 ) ie!l. (3.23) 

Proof. For notational simplicity we delete everywhere the tilde. In fact, the statement 
holds uniformly in r G (0, ro), where ro depends on the already mentioned constants L$ 
and Cq. 



Step 1. We first prove the theorem for p = 1. Using the definition of exp and Theorem l3.8[ 
we easily obtain by a change of variable that for any commutator Y of length I 6 {1, . . . , s} 
and for all ip G Cg uc , 

(3.24) 

+ |/ l |^+ 1 -^^6 J (x,/ l )y j V(e^x), 
i=l 

for all x G if and < |ft| < C -1 , where the sum is empty if I = s. If t < s, then 
Qi (/j) = i-iajhto-M if ft > 0, while aj (h) = -l^ajh^-^^ if ft < 0. The functions a,- 
come from the statement of Theorem 13.81 The functions bi(x,h) can be discontinuous, if 
we pass from h > to ft < 0, but we have estimate \bi(x, ft)| < C uniformly in x, ft. 

To complete Step 1 , we need to show that the function ft i— > ^ e^f 2 is continuous 
for all fixed z 6fi. Continuity at any ft 7^ (say ft > 0) follows immediately from the 
decomposition e^f = e hl Zl ■ ■ ■ e hl z " , where Zj G ±%. We show now continuity at 

ft = 0. Formula (1334")) gives e£J z - g{e^ z) < C|^j 1/£ (recall notation Y =: g-V). 
Therefore, using the l'Hopital's rule, we get 

4r^lA h n : = lim 6ap j - Z = lim g(e™ z) + Oflftl 1 ^) = g ( z ) 
dh ap lh =° h^o ft h^o yK ap 1 Vl 1 y yv 7 ' 

where we need the d-continuity of g. This shows existence of the derivative at ft = 0. To 
see continuity, just let ft — > in (|3.24p . 

S'iep 2. By induction on p, we show that E is C 1 smooth. Assume that (fti, . . . , ft p _i) h-> 
e ap f/l ' ' ' e ap~ l[/p_1 (x) is C 1 for all choice of TJ\, . . . , U p -\. We need to show that (fti, . . . , hp) 1— > 



eap^ 1 • • • ^f p (x) is C 1 smooth. 

Let Ui,...,U p G "P. First of all we show that the map (fti,...,ft p ) 1— > E^dfa) is 
continuous. If h\ ^ 0, say h\ > 0, then we decompose for suitable Z\, . . . ,Z„ Grl, 

p hiUi . . . hpU p _ p h\ /dl Z! . . . p hx x I^Z» „h 2 U 2 . . . Jh>U p 
fc ap c ap x — e e e ap e ap x. 

Note that by standard ODE theory, the map (ri, . . . , Tu, 2) 1— > e n 1 • • • e 7 *" ^z is C 1 . There- 
fore, by means of Lemma 13.101 we have existence and continuity of d\E{h) = E if (dh 1 ) at 
any point of the form ft = (fti, J12, ■ ■ ■ , ftp) with fti 7^ 0. 
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To discuss the case hi = 0, recall that formula (|3.24p gives 
d u.ju h„T7„ „ , hiUi h p U p 



dh! aP 



ap cap A, 



< C\hx\ 1/dl . 



Therefore, using de l'Hopital's rule, for all h = (0, h%, . . . , h p ) =: (0, h\), we get 



diE(0,hi) := lim 
hi-+0 



pfllUl JI2U2 . . . p"v"p rf. _ pfrlU-Z . . . p h P U P rf 

e ap e ap e ap ^ e a p e ap ^ 



lim Ux(e^ e^f 2 ■ ■ -e^f p x) + 0(|/h[V*) = ^(^(0,^)), 



where we need the d-continuity of C/j. This shows existence of diE(0, hi). 

To show continuity of d^E at h* = (0, h\) € i?Euc(C~ ), write by expansion (|3.24p 



\dxE(hi,h x ) -9iE(Q,hl) 



U l {E{h u h l ))+ Yl a j(hi)Yj(E(hi,hi)) 

<i 1 +i<e j <s 

+ lhil (s + i- dl )/ dl b i Y i (E(hx,hx))-Ux(E(Q,h\)) 

l<i<q 

< C\hx\ 1/dl + \U x (E(hx,hx)) - Ux(E(0,hl))\ -> 0, 



(3.25) 



as (hi, hi) — > (0, /i*), here we used assumption (|2.6p for Ux- 

To conclude S'iep 2, we show the continuity of dh k E for all 2 < k < p. Write by the 
chain rule 

() E(h) = F Vl (hx,e^ ■ ■ ■ (x)) ■ ■ ■ Fu^h^lf" ■ ■ ■ (x))^- e^ fc • • • (*). (3.26) 



dh 



This ends the proof, because the right-hand side depends continuosly on hi, . . . ,h p , by 
Lemma I3.1UI and the first part of Step 2. 

Step 3. We show expansion (|3.21[) and estimates (|3,22p and (|3.23p for any p and for all 
k = l,...,p. 

Let U k = Y ik , d k := t lk and E m (x) := ■ ■ •e^^(x) for all 1 < j < k < p. We 

agree that Eu^_x\ denotes the identity function. Observe that the function z 1— > Eu^\(z) 
is a C 1 diffeomorphism for any fixed hj, hj+x, . . . ,h k - Then, for k € {1, . . . ,p}, we may 
use ([3.24p and we get 



E*(d hk ) = U k E { x )k -i)(E{k,p)(x)) + a A h k) Y i E (i,k-i)(E( k ,p){x)) 

i 3 =d k +i 

+ |^|('+ 1 - d «.)/ d ^& i y i ^ <ljfc _ 1> (£; <M (x)), 



(3.27) 



i=l 



where bi denote bounded functions and \oij(h k )\ < C\h k \^ j dk ^l dk . 



17 



A. Montanari and D. Morbidelli 



Almost exponential maps and integrability 



To get formula (I3.2ip . it suffices to use a rough expansion of each term as follows. Write 
for A € {1, ... ,p} and h x > 0, e** 17 * = e^^i . . . e -hl /dx z^ for suita bl e Z { <G ±U. Then 
for all j G {1, ■ ■ ■ ,q} write 

^e^)(*) = Yj (^ 1/d ^ ■ ■ ■ e-^ /d ^)(z) 

= Y^lf* z) + £ ad£ • • • ad"; Yrftfg** z)^- 

\a\=l 

+ O s+1 (\h x \( s + 1 - i M d \iP,e h ^z) 

s 

ii=lj+i 

+ \ hx \(s+l-W/d x ^ b . Y .^ e h,U Xx ^ 
i=l 

where we use the pointwise form of the remainder, see the proof of Theorem 13.81 Here Cj 
are constants, while bi are bounded functions. The proof of (|3.2ip follows from (|3.27p via 
a repeated application of this expansion. If h\ < 0, then the terms Cj and 6j may change, 
but the argument gives the same conclusion. The proof of the theorem is concluded □ 

Remark 3.12. 

(i) Let X w be a commutator of length \w\ < s. Define the function H(t,x) := ^e*^™(x). 
Under our assumptions A s we may claim that H(t,x) exists for all (t,x). However, 
we can not expect that the function (t,x) *— > H(t,x) is continuous in (—to, to) x Q. 
Indeed, in order to show the continuity of H at a point (0, x), because 

\H(t,x) - H(0,x)\ < \H(t,x) -H(0,x)\ + \H(0,x) - H(0,x)\. 

= \j t <v w x ~ UW\ + \fw{x) - f w (x)\. 

The first term can be made small uniformly in x, if \t\ is small. In order to make 
the second term small, we can use only assumption ()2.6|) . which does not ensure any 
continuity if x and x belong to different orbits. 

(ii) Under our assumptions, we cannot expect that maps h h- > E^ x (h) are more than 

C 1 . Indeed, the term F\j 1 (hi , e^p^ 2 • • • eap^ p x) in (|3.26p depends continuously on 

h-2, ■ ■ ■ , hp, if % is a C 1 family (recall that Fu 1 (h, x) := V e^ 1 (£) is only continuous 

in £). An inspection of the proof above shows that if % is a C 2 family and A s holds, 
1 1 Is 

then Ej iX £ , but this regularity cannot be improved, even if Xj £ C°° or C u ; 

see \MM12b\ Example 5. 7]. 

Now we can easily prove the regularity of orbits, along the lines of the proof in [AS04j. 

Theorem 3.13 (Regularity of A s orbits). Let TL be a system of A s vector fields. Then 
each orbit O with the topology is a connected C 1 smooth immersed submanifold of M. n 
satisfying T x O = P x := span{X M ,(x) : 1 < \w\ < s} for all x € O. 
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Proof. Let x G M. n and let O := O^ be its %-orbit. We know from Remark EL3] 
that dimP x = dimi 3 ,,^ =: p is constant in O. For each x G O choose / G I(p,q) 
such that |Y/-(x)| 7^ 0. By Theorem 13.111 and by the implicit function theorem, we 
may claim that for a suitable Oi )X C W, open neighborhood of the origin, the map 
Ei t x '■ Oj tX — > W 1 is a C 1 full-rank map which parametrizes a C 1 smooth, p-dimensional 
embedded submanifold Ej jX (Oj^ x ) C M. n . Note also that Ei )X {Oi yX ) C O and, by Theo- 
rem EIEU T Elxlyh )E I>x (0^ x ) = Pe i>x (h), for all ^ G Oj ia: . Let 

U := {E I>X (0) : x G 0, J G Z(p, g), |Yj(x)| ^ 

and O C Oj tX is a open neighborhood of the origin}. 

We claim that the family U can be used as a base for a topology t(U) on O. To see that, 
we need to show that if the intersection of the p-dimensional submanifolds Ej tX (0) and 
Ei' t x'{0') is nonempty, then it contains a small manifold of the form Ep> X n(0"), if O" is 
a sufficiently small neighborhood of the origin. Let £ := Ej tX (0) and £' = Ej/ x '(0') and 
let x" G £ n £'. Recall that both £ and £' are embedded C 1 submanifolds of R n . Let 
I" G I(p,q) be such that |Y/"(x")| ^ 0. Let O" C l p be a small open neighborhood of 
the origin. For any h G O", the point Epi >x i/(h) can be written as e TlZl ■ ■ ■ e T " Zv x where 
Zj G ±H and ^jl r il — C||to||/- By a repeated application of Bony's theorem |Bon69| 
Theorem 2.1], it follows that E(h) G £, provided that h is sufficiently close to the origin. 
The same argument applies to £'. Thus we have proved that hi can be used as a topology 
base. 

A similar argument shows that any submanifold of the form Ej x (0) G hi contains a 
small ball Bd(x,a). Therefore is stronger than t(U). The fact that t{U) is stronger 
that Td follows easily from estimate d(Ej !X (h),x) < C\\h\\j. Finally, since all paths of the 
form 1 i— >• e tz x G (0,t(U)) = (0,t^) are continuous, the orbit is connected. 

The C 1 differential structure on O is given by the family maps Ej tX \ where x G O, 
I G I(p x ,q) is such that 7^ and O C Oj jX is an open neighborhood of the 

origin. □ 

Example 3.14. Let us consider in M 3 the family % = {Xi, X2, X3}: 

X\ = a(t)d x X2 = xa(t)d y and X3 = tdt, 

where the function a satisfies a(t) = l + t 3 sin if < \t\ < 1, o(0) = 0, a G C°°(IR\{0}) 
and inf K a > 0. Note that Xj G Cg uc (IR 3 ) and 

[X U X 2 ] = a{tfd y , [X 1} X 3 ] = -ta\t)d x and [X 2 , X 3 ] = -ta'{t)xd y . 

If < \t\ < 1, then 

d I If \\ d ( •> . 1 o 1\ r.2-1 r 1 -1 

— (ta (t)) = — [St sin t cos — = 9t sin 5icos sin — 

dt dt\ t tJ t t t 

is discontinuous at t = 0. Therefore X\ 3 and X23 G' C*euc an< ^ C 1 singular Frobenius 
theorem does not apply to the family V = {X\,X2,X 3 , [Xi 1 X 2 } 1 \X\,X^ [X2,X 3 ]}. 

However, we claim that the family % belongs to our class A 2 - To show this claim, we 
first prove that Xj G C^\ oc . To see that, it suffices to show that X^X^a G C^. But, if 
< \t\ < 1, we have 

X\xla(t) = td t (ta'(t)) = 9t 3 sin- - 5t 2 cos - - t sin -, (3.28) 
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which is a continuous function up to t = (note that, since X^a(O) = 0, we have 
xJjjsdja(O) = lim t _ >0 t~ 1 (^S«(e* X3 (0)) - xjo(0)) = 0). Since X 12 ,X 13 and X 23 € C7° uc , 
condition (|2.6p is fulfilled. 

Finally, we have to check the 2-involutivity, i.e. that for all i, j, k we can write adx; Xj^ = 
^\ w \< 2 b w X w with b w locally bounded. A computation shows that the nonzero terms are 
the following (we work with < |t| < 1) 

— adx 1 X 23 

&dx 3 X13 

&dx 3 X 23 

Since inf^a > 0, one can see with the help of (|3.28p that both the coefficients ta'(t)/a(t) 
and —tdt(ta' (t)) / a(t) are locally bounded. Thus, hypothesis A 2 is fulfilled and our main 
theorem applies. 

Note finally that it is very easy to see that there are three orbits of the family T~L. 
Namely, 0\ := {(x,y,t) : t > 0}, 2 = {t = 0} and 3 = {t < 0} and they are integral 
manifolds of the distribution generated by the family V . 

Remark 3.15. A natural question concerns sharpness of the C 1 regularity of 0%. It is 
reasonable to guess that C 1 regularity is not sharp. Actually, we do not have any example of 
vector helds of class A s where the integral manifolds On are less than C 2 . However, under 
our assumptions, maps Ej jX cannot provide more than C 1 regularity, see Remark \3.12\ - (ii ) . 

A related issue concerns the regularity of the orbit On of a generic family of C 1 (or even 
Lipschitz-continuous) vector fields which do not satisfy any involutivity assumptions. This 
would require a careful discussion of a nonsmooth version of Sussmann's orbit theorem. 

We plan to discuss such questions in a future study. 



adx 2 X 13 = ^ adx 3 X 12 = ta(t)a'(t)d y = ^^-X 12 
-td t (ta'(t))d x = Z^M Xl 



-xtd t (ta'(t))d y 



a(t) 
-td t {ta'(t)) 
oft) 



Xo. 



A. Appendix 

Here we prove the multilinear algebra lemma which has been used in the proof of Lemma 
13.11 The same formula is proved by [Strlll Lemma 3.6], but here we exploit a slightly 
different argument, which does not rely on the formalism of Lie derivatives. 

Lemma A.l (Linear algebra). Let p < n and let Ui, . . . , U p be constant vector fields in 
M n . Let Z = Y$=i fdp € C^ nc . Then, for any (ki,...,k p ) G T(p, n), 

p n 

j2 dx kl A • • • dx k ? (lit,..., U a -u Uafdp, U a+l ,..., U p ) 

" =1 (A.l) 

n p y ' 

= Y,Y1 djf^dx^'-^-J A dx 7 A dx^+ l '-' k ^(Ui, U p ). 

7=1/3=1 

Note that in the particular case p = n, the right-hand side is div(/) det[?7i, . . . , U n ]. 
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Proof. Recall first that if we are given (Va ) a B G M pxp , then the matrix (cof V) 
det[Vi, . . . , V a —i,df), V a +i, ■ ■ ■] satisfies 

p 



B ._ 



^y;(cofy)f t = (dety),5 CTp 



(A.2) 



To prove the lemma, observe first that dx k ^{dp) = if fi £ {l,...,p} and j3 £ 
{k\, . . . , k p }. Therefore the left-hand side of (jA.ip takes the form 



a=l 



Y,dx kl A da*" (Uu ...,U a -i,J2 U a f k ed k(j ,U a+1 , ...,U P 

8=1 

Y, U2d y f k ? dx k ' A dx k * (U 1 ,...,Ua-i,d kfj ,U a+1 ,..., U p ) 



a,B=l,...,p 
7=l,...,n 



d^j2u2coi 



B=l,...,p 
7=1, ...,n 



a=l 



ul 1 ... Up 1 



_U* P ... Up" 



V fc8 det 



B=l,...,p 
7=1, ...,n 



u* 1 . 








u? ■ 




v »p+l . 


■ u k / +1 




■ ui" _ 



Y a r f k Pdx^ 1 '-' k >>-^ A dx 7 A dx^+i'-'^t/i, . . .,U P ), 



B=l,...,p 
7=1, ...,n 



as desired. 



□ 
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